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SUMMARY

OF ELASTIC STRESSES IN GAS-TURBINE

By S. S. ~hXSOX

.4 method is presented for the calculation of +da.sficstresses
in ~ymmein”cal disks typical of those of CLhigh-temperature gas
~urbine. T& method is essentially a $nite-d{Jerence solution
of the equilibriuna and compatib iii@ equations for elastic
stresses in a sw metrical disk. Account can be taken. of point-
to-point ~’am.ationsin disk thickness, in krnperafure, in elastic
rnodultL8,in cot’’cient of fhermal expansion, in material density,
and in Poisson’s ratio. .>’0numerical integration. or &-ial-and-
error procedures are inrolred and. ~he computations can be per-
formed in rapid and routine fashion by non&chnical computers
with little engineering supervision. Checks on problems for
which exac~ ma fhtmatica[ solutions are known indicafe thaf the
method ,yielci%results of high accuracy.

Illustrative ezamples are presented to show the manner of
&eating solid disks, dis?:~ wlh central holes, and disks con-
structed either of a single material or of two or more welded
rnateriak. The ejffect of shrid:~tt[ng is taken into accounf by
a w-y simp7e dwice.

INTRODUCTION

One of the problems in the design of gas turbines is the
determination of the stresses in the turbine disk under
operating conditions. Calculation of the elastic-stiess dis-
tribution is a first step in the detertiation of the true stress
distribution. This stress distribution is based on the assump-
tion of linearity of stress with strain and differs from the true
stress distributions? which ma-y contain stresses beyond the
proportional elastic limit of the material.

The equations for the elastic-stress distribution in sym-
rnetricul disks are Tell known. Their soIution may, howe-rer,
offer considerable difficulty. One difficulty encountered in
cahda~iori of the operating stresses in disks with high-
temperature gradients is that the physical properties of the
materials, such as elastic moduhs, Poisson’s ratio, and
coefficient of thermaI expansion, wry with the temperature
and therefore ha-i-e a diHerent -due at eaeh locsdion in the
disk. In addition, the thickness of the turbine disk varies
from radius to radius. If the disk consists of portions of
dtierent. materials weIcled to each other, the density may
vary from one section to the other. Shrink fitting and weld-
~g of the compo~ent parts at eIevatecl temperatures also

introduce speciaI stress problems. Attempts to find complete
a~a~ytical solutions for the stress probIems that take into
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account shrink fitting and point-to-Doint variation of the
physical properties and of the disk t~ckness result in math-
ematical compIe.sities; approximate solutions are therefore
usuaJ.Iy found by numerical methods.

Thompson in reference 1 gives a numericaI approach to the
turbine-disk probIem that takes into account point-to-point.
variation in disk thickness and in all plrysicaI properties
exceph Poissonzs ratio. A method capable of easily account-
~g for S~ti fitttig and for the variation in Poisson’s ratio

as TWII as in the other properties w-as de-reIoped in 1945 at
the A~.AC.A CIeveIancI Laboratory and is presented in the
anaIuyticaIsection herein. The method is essentially a finite-
difFerence solution of the cIifferentiaI equations of stress in a _
rotating disk and incorporates sew2raI admntageous features
uncommon to other forms of solutiom For exampIe, numer-
ical integration and trial-and-error processes have been
completely a~oided, which makes it. possible for nontechnical
comput w-s to carry through the entire solution rapidly and
with Iittle engineering supervkion.

In the second section of this report, illustrati~e examples
are presented to show the manner of treating a soJid disk Wd
a disk with a centraI hole for application to a gas turbine.
The e~amp]es are self-expkmatory and may be used as a
guide for the solution of turbine-disk problems without
reference to the analytical section of the report in which the
basis for the solution is derired.

The method also has applicability to the study of stresses
in rotating disks other than that in the gas turbine- It has
been appIied, for exampIel to disks of a.sial-tlow- compressor-s
in -irhich the only compIicatiug factor is variable disk thick-
ness. For such application the main advantages of the
method are the routine nature of the calculation, the rapidity
with which the calculations can be made, and the accuracy
of the hid results.

ANALYSIS

SYMBOLS

The follo~tig symbols are used:
A point midway between nth and (n–l)st. point stations
E elastic modulus of disk materiaI, (lb/sq in.)
h atial thickness of disk, (in.)
r radial distance, (in-)
u radial displacement of any point on clisk as disk

passes from unstressed to stressed condition
:241
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a coefficient of thermal expansion between actual tem-
perature and temperature at which there is zero
thermal stress, (in./(in.) (°F))

4 ‘r temperature increment above that. at which there is
zero thermaI stress

~r raclid stra,in, (in./in. )
~$ tangential strain, (in./in.)

P Poisson’s ratio

P mass density of disk ma.t.eriaI, ((lb) (sec2)/in.4). ~”
CT radial stress, (lb/sq in.)
at tangential stress, (lb/sq in. )
w angular velocity of disk, (radians/see)

The following supplementary subscripts are used for
denoting values of the preceding symbols in connection with
tile finite-difference solution:
n nth point station
‘n–1 (n–l)st point station
a station at the smallest radius of the disk considered

(For a disk with a central hole, this station is taken
at the radius of the central hole; for a soIid disk,
this station is taken at a radius of about 5 percent of
rim radius. )

b rim of disk or base of Mades
ExampIe of the use of double subscript:
Urn-l radial stress u, at station n-l

‘l’he following supplementary symbols denote combina-
tions of the foregoing symbols arising in the analysis:

A ,T,91
A,,*

coefficients defined by equations

B
u,,n=A,, na,,a+ B,,.

r,n
B

1 I B,,~U(.fl=z l,n ut,aT
(,n /

C,, = r,,hn

Fn=rn-,hn-,

Fr%= &-l (l+,un_,)(rn-r. _,)——
En-, 2E.-, m.,

Gn=~ (r, –rt-,)hm-,

(l+,f+l)(~n–.rn:l) ._ __~fn= 1----
En-, 2E,, _1r.-1

H.=; w2(r~–rn-J (P.herz’-l- p,,- ,//. - ,r,, ,“)

i7’n=a.AT.-a,_, AT,_,

ASSUMPTIONS.

The assumptions are made that stress is proport iontd to
strain and thai the disk material is compk tely ekstic at [Ike
stress distribution induced by the centrif’ugd and thermal
effects. AH variables of material properties and oporating
conditions are assumed to be symmetrical about t.hc axis of
rotation. Axial stresses are neglected and at any raclius the
radial and tangential stresses are msumerl to be uniform
across the thiClim2SS of the clisk. Tempemtures are t-akm in
the centra~ plane pwpendicuIar to the uxis of tlw disk.

OUTLINE OF METHOD

In a thin rotating clisk of variabIe thickness, thc stat e of
stress at any radius can be c.omp]etely Miued by the Lwo
principal stresses, the radial and tangential stresses u, and al,
respectively. Two equations are therefore necessary to dctm-
mine the two unknown stresses. The first of these equatio~s
can be obtained from the conditions of equilibrium of an
element of the clisk; the second, from the comptitibi]ity con-
ditions, which are mathematical stateme~ts of the interrela-
tion between the radial and tangential strains in a sym-
metrical clisk.

The equilibrium and compatibility eqlmt ions rcsul i in
differential form clefining relations between the stresses at
radius r and those at a radius infinitcsimaHy removed from r.
Except for some special cases, the solutions of these equations
are difficult to obtain. In order to facilitate solution, the
differential equations me rewritten in finite-difference form
relating the stresses at raclius r with thos% at, a radills fini ~ely
rcmofwd from r. By means of the finite-difference equtitions,
the stresses zt an arbitrary finite number of stations along
the disk radius are expressed in terms of the stresses at a
single reference statiou near tl~e center of the disk. For m
disk with a central hole the reference station is chosen at il~e—.
inside radius, where the radial stress is zero; hence, the
stresses at aIl stations in tl~e.disk are expressed. in terms of the
single unknown, the tangential stress a~ this station. For x
solid disk, the reference station is chosen at a point nem the.
center of the disk (at a radius of about 5 percent of & disk
radius). In this region the rzdial and tangential stresses can
be assumed to be approxirnaiely equal; again, therefore, tllc
stresses at all stztions are expressed in terms of % single
unknown. The unknow-n can then be determined by [he
boundary conditions a~ the rim of the disk where thu radinl
stress. is equal to the centrifugal blnde loading. When the
radial stress at the rim, expressed in terms of the tangen tiaI
stress at the reference. station, is equated to the blade loading,
tho tangential stress at the reference station is evaluated.
After the tangential stress at the reference station has been
determined, all the other stresses, expressed in terms of this
stress, ‘can be evaluated.
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DIFFERENTIAL EQUATIONS

The equilibrium equation, as given in reference 2 (p. 374),
u~ing the notation of this paper, is

d
Z( ?+ Gr) ‘hG+ /2@2/h2=~ (1)

The compatibility relation is obtained by elimination of u
from the stress-strain displacement equations

_di G,–PU,+aAT
“-&= E

Equation (3) is subtracted from equation

A u (l+ JL)(U,-L7J——. =
dr r E

or

(q

(3)

(2) to eLiminate u,

(4)

rdu—Udr_(~+~)(c,—rz)
rdr — E

(5)

But
rdu–udr d u

()‘z ,7
(6)~idr

Therefore, by equations (3), (5), and (6),

Equations (1) and (7), together with a knowIedge of the
boundary conditions, m-e sufficient to solve for the two
unknowns r, and u,. Because p, ,?7, P, a, AT, and h are, in
general, functions of the radius r, the equations cannot.
readily be solved in their differential form; a finite-difference
solution w-as therefore deri-red.

FfNITE.DIFFERENCE EQUATfOXS

The transition of differential equations into hite-
difference form to faclitate solutiou is common in engineering
prartice. The method has, in fact, been appLied in limited
fashion to the solution of the ste~m-turbine disk problem

(reference 2, pp. 39%400). This application neglects, how-
ever, the point-to-point. ~ariation in p&ysicaI properties, and
therefore no application to the gas-turbine disk, in which
there is appreciable variation in properties from hub to rim,
is made. In addition, the solution of the equations in-rolves
an interpolation procedure, the eknination of which couId
considerably reduce the amount of calculation necesszwy for
a solution and increase the accuracy of the final results.

A number of discrete point stations are chosen aIo~g the
disk radius as shown in figure 1 (a). If it is assumed that the
stress distribution in the disk has already been determined,
all quantities appearing in equations (1) and (7) are known
aii each of the point stations and the -raIues of corresponding
qwmtities at the point. A midway between the nth and (ml)st
point stations can be approximately determined. For
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(a)

Lf_L
‘-22=U “

(b)

(.] Location of point stations.
[b) Value of typical function midway between WIint stations n ad n-l.

FIGmE l.-~ketches used to derive dnite-dHerence equations for stresses in symetncaf
rotating dkk.

●

example, in the pIot of rfkr against ~ (%. ~ (b)), the radius at
point A is expressed as

and the sIope of the curve at point A, which is approximately
equal to the sIope of the chord joining points n and n–l,is
detlned as

d ~ni=Ur,n—~E_Ifix-IGr,E_I
fi (rho,).=

r%—r=.-~

~ a si~ar %-ay, the values of each of the other variables

entering into the equations can be evaIuated for point A.
If the evaluations are correct, the quantities at A must satisfy
equfitions (1) a~d (7). These equations therefore become, in
finite-difference form
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and

fJ* ~ ~zn-i /+lcr,n_il@ffr,.-lA— _ _
E. E.-I _ E. _& ~+a.ATn–&_IAT.:l _ =
rn—rn–] Tn—rn–~ rn—rn_l

[

1 (I+,un)(u,,.?t— Ut..)+(1+%-1) (U,,72-1— am-l) =~ (9)
y E.rn E._lrn_l 1

which reduce to

SOLUTION OF FINITE-DIFFERENCE EQUATIONS

Equations (10) ancl (11) represent two equations from
which a,,. and u~,n can be expressed in terms of aT,n–1ancl
a, ,.-I. If the Iinca.r nature of the equations and the possi-
bility of successive application of the equations to proceed
from one station to the next are- considered, the stresses at
any station can ultimately be expressed in linear terms of
the stresses at any other station. ~ will be convenient to
express the stresses at all stations in terms of the stresses at
the station a. At this statio~], the urdcnowm value is the
tangential stress at,.; hence, the stresses at station n are
expressed in the linear terms

u,,n=fhfft,a+a%n

ut,n=-&mut,a+Bt,. (12a)

and those at siation n— 1 in the form

where the coefficients A7,~, Br,n,At,., and B,,% are w yet to
be determined.

The substitution of equations (12a) and (12b) into equa-
tions (10) and (11)and the separation of the terms with and
without ct.. result in the equations

(CnBr,n–DnBt,,g- FnB,,%_l– tl;B,,n-l+HJ =0 (13]

and

(C’%B;,n–D’nBt,n–F’nBr,.-,+G’.B,,l-H–fi)=O=O

(14)

The stress a,,a is really arbitrary as far as equations (13)
and (14 ) are concerned because it depends upon the boundary
conditions and not on the equations of elasticity from which
cqua.tions (13) and (14) were derived; that is, by a suitable
choice of the factors that determine boundary mnclitions,

such as bIade loading and shrink fit., CTt,*can be set at. any
desired vaIue without, invalidating in any way the equations

of elasticity (1) and (7), or their uIt.imate. finite-difference
forms in equations (13) and (14). lf an equation in the form
cx + d = O is to be true for all values of x, the coefflcicn 1s
c and d both must be zero. Because equations (13) and (14)
are to be true> independent of the value of al,=, the coeffi-
cients of at,Cmust be zero, ancl the two equations rechlce to

C.AT,.~D,xIj, n–F,JIr, .-, – Gnii,,n-1=0

C’nrl., n–D’nAt, .–F’nA,, n_,+ G’..At, ._, =O
(15)

C.B,, .–DnBt, n–F.B,,.-, –GnBtLn_,+Rn=O

C’.Br,.–Bt.nt. n–F’.B ,,.-,+G’.B,,.-, –H’.=O,

from which A,, n, A,, n, B,, n, and B/,. can be determined in
the form

Ar,.= K.A,, .-I+ L.A,, n-l
\ .

At, n= K’nAT,._l+L’..4,_ l_1
1 (16)

B,, .= K.B,, .-, +LnB/, m_l+&fn

Bt,z= K’nBT,._l+E’.Dt, %_,+.?If’a,

If the coefficients A,,m, A,,., Br,., and B,,. are known for
station n–l, they can he determined by means of equalion
(16) for station n.

The coefficients at the first station (r= a.) can be det ur-
minecl by inspection for both the solid disk and the. disk
with a centraI hole. Inspection of equcIf ion (12a) shows that
for a solid disk in which both the tangential ancl rnclid
stresses–at the first station are equal to ri ,Q

A7,.=A,,.=1

Br, a= Bt,a=O

For R dkk with a central hole in which the radial stress
at the first station is zero and the tangential stress is a~,a

A,, == B,,== Bt,a=O

At.a=l

From these known coefficients at the firsL station, the coefFl-
c.ients. at all other stations can be determined by successiw
applications of equation (16). Once all the coet%cicnts have
been determined, the unknown a,,a can bc dcterrnincd.
The radial stress at & rim O,,* is the centrifugal loN]ing
of the. blades

LTr,b= Ar,bCrl,a+B7<b
or

B~~ah— ~,~
at,a=

1
(17)

~r, b

where A,, ~ and B,,b are the coefficients fOr raciia] stress at
the rim. The radial and tangentird stresses at. all stations
can be obtained from equation (12a) after Ut,aand all the
coefficients have been determined.
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ILLUSTRATIVE APPLICATIONS

CASE I—EL.4STfGSTRESS DISTRIBUTION LX SOf,fD DISK

The profile of a disk that is to be analyzed for stress dis-
tribution at. a speed of 11,500 rpm and the temperature

I

+kbifrary stations

(a)

Rud/’uldisfcmce,in.

(a) Disk profife: Caw I. solid disk: Cme fI, dkk rritlr l-inch central hole.
(b] \“ariaf ion of temperature along Lsk radius

(CJ Variation of Poisson’s ratio along dkk radiws.
(d} Variation of modulus of elasticity afong c@k ra&us.

(c! Variation of merlieient of tfwrmd expansion afong disk radius

FIGL%E2-Disk profde, temperature dktriiution, and mriation of physical propertks of
disk material as function of rdiq for ifkwatire probIems.

distribution of the disk are shown in figures 2 (a) and 2 (b),
respectively. The first step in the amalysis is to choose
an arbitrwy number of stations along the disk radius. The
first station is chosen at. a radius of about 5 percent of the
rim radius, the last at the rim. The stations need not be
equidistant; in fact., i~ is advisable to choose the stations
closely together where there is sharp change in disk cent-ourj
in temperature gradient, or in variation of physical proper-
ties. In this case 18 stations were chosen, spaced relatively

cIose together near the rim where the gradients in tempera-
ture and physical properties were high and near the center
for subsequent use of the same example to illustrate the
eflect of a central hole. TiWn only a solid disk is co~~idered,
no concentration of points near the center is necessary.
The -rarious steps of the calculation are tabulated in tabIe L

The disk radius at each station is listed in column 1 of
tabIe I. The thickness of the cLiskat each station is Iisted in
CO]UIID ~. A sharp discontinuitj~ i~ thickness, such as an
abrupt Hange, should be faired in the disk contour and the
faired disk used in determining thickness.

Ordinarily the density of the material is constant through-
out. the disk, even o-rer the wide range of temperatures. If
a faired disk has been used, however, the dem~ity of the
material in the faired region shouId be adjusted to produce
the totaI mass that actuaI.Iy exists in the region of eaeh
station. Although a flange does not reduce the stress zt its_ _____
own region by increasing the area, its mass must be included
as it produces centrifugal stresses throughout the disk. The _
corrected density at each station multiplied by the square
of the rotational speed is listed in column 3. In this case
no fairing was necessary; hence, all values of de~~ity are
equal.

Poisson’s ratio, listed in column 4, has only an insignificant
effect on the stress distribution and, because no &ccurate
data are a~aiIable, a constant value of 0-333 may be used.
lf accurate data on the wriation with temperature of Pois-
son’s ratio are available, use of the exzct ~ariabIe ~alues
presents no greater difficulty than use of a constant. vaIue.
The vaIues of P wed in this example are show-n in figure 2 (c),
and were for convenience obtained by the resumption of a
linear -rariation in p with temperature.

The moduIus of elasticity at each station is listed in column
5. Variations in this property ha~e a significant effec~ on
the final stress values ancl accurate data should be used if
avaiIabIe. For this example, E was arbitrarily assumed to
depend linear~y upon the temperature, and the ~aria~ion
aIong the radius is show-n in figure 2 (d). In practical .
computations, the true values of eIastic moduhs associated
with the particular temperature at. each station may be used.

The coefficients of thermaI expansion are tabulated in
column 6. These coefilcients must be the average values
applicable to the range bet-wecm the temperatures actually
existing and those at which there is no thermal stress. For
a homogeneous disk in which there is no shrii fitting of one
part to another, the condition of zero thermaI stress is at
room temperature. Engineering tables usuaLIy list the
average temperature coefficient of expamsion bet-iveen room
temperature and vaIues of high temperature; the hted ~alues __
may therefore be used directIy.

The difference between the tictual temperature and the
temperature at which there is no thermal stress is listed ___ ____
column 7. In this case: the stress-free condition is at. a room
temperature of 70° F. (20hmn 7 is therefore obtained by
subtractbg 70° F from each of the values in figure 2 (b).
This column is of great sigticance ~ the case iUVOIV@
Shrii fits.

SS3026—50—17
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The quantities C’wto M’a are computed for each s,t~tion as
indicated in columns 8 to 34 of t~ble 1.’ Values in each of
these cohunns can be obtained in one set of oper~tions on a
standard computing machine. The method of obtaining
the data from the suitabIe previous columns is indicated at
the heading of each coIumn.

YaIues in columns 33 CIncl 34 must be s~muItaneousIy
computed. The first -ralue for each of these co~umns is
unity. Subsequent -ralues make use of the preciously
obtained values in the same coIumns. Thus, to determine
the ~’alue for coIumn 33 at station 2, coIumn 27 at station 2
is multiplied by column 33 at station 1, ancl the procluct is
added to the procluct of column 2S at ststion 2 by column 34
at station 1. For example:

n.81902xl.o+o.lso9sxl.o=1.000oo

Columns 35 and 36 are likewise simultaneously computed.
The first value in each of these columns is zero and each
subsequent value is obtained from the pre-i-ious dues in
accordance with the symbolic notation given at the head of
each column. Thus, to obtain the column 35 at station 2,
coIumn 27 at station 2 is multiplied b-y coIumn 35 at stution I,
column 2S tit station 2 is multiplied by cohmm 36 at station 1,
and the t]~o produ{;ts are then aclded to co]umn 31 at
station 2!

0.81902 XO+0.1S09SX0–67 .192= –67.192

Column 37 is uniform for aIl stations and is obtained from
the expression

Ur.b—(ss)h

[33),

where a,, ~is the blacle loading at the rim. The blacle Ioading
is obtained by dividing the total centrifugal force at the root
of the blades by the total rim peripheral area. In this
probIem G,,~ k S500 pounck pm square inch; coIumn 37 is
therefore,

Columns 3S an(I 39 give the rdiaI and tangential str~ses,
respectively, at. each of the stations. As indicated in tabIe 1,
they are obtained by routine multiplications and additions
of columns 33 to 37.

The radial and tangential stresses from coIumns 38 and 39
are pIotteci in figure 3. The stresses at. the center of the disk
are taken equal to those at station aj which is % inch remo~ed
from the center.

Because the method presented is the only one known to
the author that takes into account point-to-point -wriation
in Poisson’s ratio. the error in-roh’ed in the assumption of a
constant vaIue of this quantity as compared with the rigorous
treatmen~ of its point-to-point variations is wluabIe to
determine. The broken-line curves in figure 3 show calcula-
tions for constant values of P=O.3 and P=O.5 compared
with the solid curves: ~hich show the stresses for a contin-

‘l-l l[llltllll!
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FIGERE 3.-strrss dktribution in soIid disk of figure 2 cwnputed with constant End with
wuiaMe wIues of Poisswn’s ratio.

uousI-j- variable vaIue of p with temperature, m shown in
&ure 2 and tabulated in cohmm 4 of table I. The near
coincidence of these cum-es indicates that tly assumption of
a constant value of p within the range of actual values resuIts
in accurate final vaIues of radial and tangential stresses.

The effect that difference in the number of stations has
on the accuracy of the results is shown in figure 4. Little
accuracy is gained by the use of ac]ditioncd points; as few
as si~ points in this particular case can .Yield accurate results
at a great saying in computing time.

CASE D–ELASTIC-STRESS DISTRIBUTION IX DISK WITH CEXTR.IL HOLE

A disk with a central hole is studied in a manner similar to
the solid disk except. th~t the first station is taken at the ins-
ide boundary instead of at an arbitrary small distance as in
the soIid disk. The choice of stations near the central hole
is, howerer, critical for this case. Stations should be taken
also at, distances of 1, 2, 3, ancl 5 percent of the rim cliameter
from the &side boundary of the clisk. In order to illustrate
the procedure, the clisk of figure 1 is again used but with a,
centraI hole 1 inch in diameter, chosen so that station a fl
be conveniently located in the same place as station a
for Case 1.

Columns 1 to 32 for the disk of figure 2 (a) with the central
hole are identical to the corresponcling columns of table 1
for the solid disk. In coIumD 33 the entry for station a is O
instead of 1 as for the solicl disk; otherwise, the procedure for
calculating columns 33 to 39 is the same as th~t of tabIe I.
Table 11 gi~es the moclified columns 33 to 39 thatre~uIt from
chan=tig the single first, entry in coIumn 33 and figure 5
shows a pIot of the resuIting radiaI and tangential stresses;
the curves marked “18 stations” are the stress ~alues for
this computation.
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FfGURE4,—Effect on calculated stress distribution iD disk of figure 2 of various numbers of
stations.

The resuIts of supplementary calculations wing different
numbws of stations (fig. 5) indicate that considerable error
can re.suit in the determination of the peak stress at the inner
boundary if an insufficient number of stations are chosen
near this boundary. A more judicious choice of stations for
the 6- and 10-station systems couId procluce more accurate
results than those shown; in the absence of cxperienc.e in
choice of locations, however, it is better to choose a large
number of stations and insure accuracy.

A practical procedure wed to reduce the amount of cal-
culation necessary to obtain the critical end stresses is to
c.alcdate the stress cIisiribution on the basis of a solid disk
using a few stations and then to modify the stresse.e in
the immediate ~-icinity of the central hole by th~ stress-
cortce.ntration factor characteristically introduced by the hole.
A comparison of figures 4 ancl 5 indicates that, with the ex-
ception of the. region immediately adjacent to the central
hole, the stresses are similar for the cases of the solid disk
and of the disk with the central hole; this stress distribution
depencls very little on the number of stations chosen. By
reference 3 (fig. 14.5), for example, the chtwact eristic. stress
concentration for a disk with a ce.nt.ral hole of which the
diameter is one-twentieth of the outside diameter is about
2.0. From calculations based on clifferent numbers of
stations, the calculated average stress at the center of the

solid disk (fig. 4) is 43,000 pounds per square inch. Tho
tangential stress at ‘the inside boundary for the disk with the
central l~ole should therefore be 2X43,000= 86,00tl pounds
pcr square inch. The radial stress at a free boundary is,

TABLE 11.—CALCULATION OF STRESSES IN DISIi WITJ1
1-INCH CENTRAL ‘HOLIL

[Engine speed, 11,500rp@: operating tempemtwe, 1270”F&t rkn, 670°1?at ccntu’]
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of course, zero. A curve faired between these boundary
values and the general cur-iTesof figure 4 would coincide -rery
cIosely with the 27-station result of figure 5.

CASE II-ELASTIC-STRESS DLSTRIBUTIOX IX COMPOSITE WELDED DISKS

For some applications, turbine wheels must. be fabricated
by welding parts composed of several materials. The
method of amdysis presented k applicable to studies of
composite welded disks in which wrious alternatives of
bounckwy Ioea,tion ancl shrink interference can be in-resti-
gated with few changes in the tabulated computations. The
procedure is iHustrated for a typicalapplicationin which

the boundary locationisconstant.

The disk of figure 2 (a) is assumecl to be made in two parts
with the boundary at the 6-inch station. Figure 6 shows
the t-w-o portions of the disk just before welcIing. The
heat-resisting outer portion is heated to 670° F while the
inner portion is maintained at 70° F’. (In practice both
portions ma-y be heated while maintaining a clesired tempera-
ture ch_fTerential.) At this temperature conclition, an exact
fit exists between the mating tips of the two parts. The
wedge is then fled with weId metaI.

The assumption is made that. this temperate differen.titil
between the two portions of the disk is maintained throughout
the welding process in making the calculations. Any cooling
of the outer region prior to the placement of the weld metal
would produce a crushing of the mating tips and reduce the
effective amount of shrink. LocaIized effects of the weld
metal in producing residual stresses are neglected. The
wdctiations are made as if the high-temperature aLloy, ha-r-
ing M width at the mating face, is shrunk at 670° F onto
the fuH-width steel centmd portion. Table HI shows the
essentiaI tabulcttions for this case.

In order to insure accuracy, a few more stations than were
used in tables 1 and H have been chosen in the vicinity of
the boundary. The densities of the two materials are some-
what different. The quantities for y and 1? are the vaIues
at the temperatures of figure 2 (b). The quantity AT at
each station is the difference between the existing tempera-
ture and the temperature at which there is zero thermaI
stress. The temperatures of zero thermal stress occur just
before the shrink fit when the outer portion is ai 670° 1? and
the inner portion is at 70” F. Therefore, for the outer
portion 670° F is subtracted at each station from the tem-
peratures of figure 2 (b} and for the inner portion 70° F is
sub tracted. The -ralue of a a~ each station must be the
average a betwee~ the stress-free temperature and the operat-
ing temperature. At the ti, for example} an a-verage
coefficient of e-xpansion between 670° and 1270° F must be
used. The average temperature coefficient al_z applicable to
the range between any two temperatures TI aric{ TZ can be
found by

CE’ZTIZ-Q?lT~l
“-’= (T,– T,) (l+a’,z”,)

where a’1 and a’z are the aver~oe coefficients of thermaI ex-
pansion between room temperature and the temperatures
TL and T2, respectively, and T’l and T’z are the temperature
differences between TI and TZ mu-l room temperature.

The procedure of cakdating tabIe III from column 8 on
is simiIar to that of table I. The final calculated values of
stress are shown in figure 6.

Comparison of ii.gures 5 and 6 shows that a shrink ~t,
unless excessive, can have beneficial effects. The shri.rds Et
reduces the tangential tensile stresses that exist near the
centraI hoIe under operating conditions aml also the ta~gen-
tiaI compressive stress at the rim. Compressi-re stresses at
the rim can be detrimental. If the elastic compressive stresses
exceed the yieId strength of the material, plastic flow takes
place and a residual tange~tial tensiIe stress exists after
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operation. Because tie region of the rim is a stress-
eoncentratecl area as a result. of the MacIe attachments, even
relatively small residual tensile stress may cause cracks.
The shrink fit remo~es the high tensiIe stress at the center
and the high compressive stress at the rim but introduces a
high temiIe stress at the boundary of the two fitted regions.
The boundary is at a lower running temperature and has no
stress-concentrating effects of the blade attachments.

The optimum amount of shrink, however, is fairly critical.
ProbabIy the shrink of the illustrative example is excessive.



TABL13 H1.-CALCULATION OF S’I’RIM$H2SIN SHRUNK DISK
[Euginc SIYWI,1I,500rim; olmratirlg Wnpwmme, 1’270°F at. rim, G70”J? M CWIm’;shrinking wmdilion, 670°F for rim l]orLiou,70”F for centrol portion]
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Thereis no need to recluce the stresses at the hole and at the
rim as much as show-n in figure 6 at the e.~ense of such a
high stress at the boundary. .b additionalcalculationcan

reaclilybe made by using a smallertemperature differenw

of shrinkingthan assumed in thiscalculation.onlycol-
UmDS6, 7, 24, 31, :32, and 35 to 39 are affected by ~Ily change,
and the redistribution of stress can be calculated ~ery rap-
idIy. Thus, a more suitabIe sl-wink fit. can reacli~y he fowd.

CASE IV—CHECK OX ADEQUACY OF METHOD

Checks on the adequacy of the methcd w-ere obtained by
comparing the results of finite-dfierence calculations to
theoretically correct results in several cases where the latter
could be obtained. In one case a paraIleI-sided disk was
studied. The conditions of operation are shown in figure 7;
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~ ❑ Toqentiol jdllsfress by finiFe-
dtffwence me ihad
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Rodiol dis ~once,in.

F Gm E7.—COmparfswRbetween theemticsl and fmkdifIw@ce-sol@iom stressesb paraUel-
Eided dM of Winch dismeter rotating at IO,WXIrrimwith temi%ratureiWlk~t tkt w=ies
x fourth power of radi~. from Ml)”F at center to 1233’F at rim. E, 30XlfI$ p+unds per
square inch: a, SXiO+ (iml(in. )(-F]); P, 0.3.

the circles and squares show the radial and tangential
stresses as determined by the fiite-difl%rence method,
respecti~ely; and the solid Iines show the theoretically
correctstressesobtained by rigoroussolutionof equations

(1)and (7)forthiscasein which l?,a, and p are constank.

This correlationis seen to be very good. The m~~mum

deviationoccursattheboundary ofthecentralholewhere the

differencebe~ween the tangerrtifdstressas comp~ted by the

finite-differencemethod and the theoretically correct wdue
is about. 2 percent. The awrccge deriation between the
theoretical and finit e-cliffw-ence stresses throughout the clisk__
is less than +}; percent. Checks on & solicl clisk produced
cIoser agreement, even when a small number of stations was
used. .4 check on a disk of uniform strength produced
results differing from the exwt soIution in the order of + %
percent of the theoretical stresses throughout the entire disk.

CONCLUSIONS

The tit e-difference method of calculzt ing stresses in
rotating cIisJmhas been appIied extensively to various types
of turbine disk uncler ditTerent conditions of constant tem-
perature or tith a temperate gradient. The procedure
was found to be con-ienient and rapid. Tilere checks ~ere
a-vailable: the results showed a high degree of accuracy.
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